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Abstract
We study analytical solutions of charged black holes and thermally charged AdS with
generalized warped factors in Einstein-Maxwell-Dilaton system. We calculate Euclidean
action for charged AdS and thermally charged AdS. The actions in both backgrounds
are regularized by the method of background subtraction. The study of phase transition
between charged black hole and thermally charged AdS gives an insight to the confine-
ment/deconfinement transition. The plots of grand potential vs temperature and chemical
potential vs transition temperature are obtained.
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1 Introduction
Strongly interacting systems are always a challenge to our analytical knowledge. Quantum
Chromodynamics is such a theory, which can not be solved analytically in low energy
regime. There are two methods two solve QCD; one is ‘lattice QCD’ [1] and other is
‘AdS/QCD’. The formulation of lattice QCD is based on discretization of space-time
and it requires high performance computing. On the other hand, AdS/QCD is analytic
approach and motivated by the gauge/gravity duality [2–5]. Some properties of QCD like
theories motivated by gauge/gravity duality such as confinement and chiral symmetry
breaking have been studied extensively in [6–22] and spectrum of mesons and baryons are
studied in [23, 24].
There are two approaches from where one can construct QCD like theories. These
approaches are known as top-down and bottom-up approaches. In top down approach,
one starts from stringy D brane configurations and construct models for QCD [25, 26]
while in bottom-up approach, one starts from QCD and attempts to construct its five
dimensional gravity dual. These five dimensional dual models can be generalized to study
various properties of QCD. The bottom-up approach is divided into two categories, hard
wall [7] and soft wall models [8]. In hard wall model, one imposes a cut-off at IR boundary.
The IR cut-off in hard wall model is inverse of the QCD scale. The hard wall model
describes many properties of QCD such as form factors, effective coupling constants, chiral
symmetry breaking and correlation functions, but fails to accommodate Regge trajectory
of meson masses. The problem of mass spectra can be removed by introduction of a
dilaton field. This model is known as soft wall model of AdS/QCD and the IR boundary
in this model is shifted to infinity.
The transition between confining/deconfining phase is studied by Hawking-Page tran-
sition in bulk spacetime [27]. The high temperature phase is charged AdS black hole while
low temperature phase is thermally charged AdS geometry. The confinement/deconfinement
is studied in hard wall and soft wall models in [14] and models with chemical potential
are studied in [19–21,28].
In the charged black hole solutions, charge of black hole is related to chemical potential
of the quarks. The dual gauge theory defining the deconfining phase is AdS black hole
while the confining phase is defined by thermally charged AdS solutions [21]. The UV
divergences in these actions is removed by subtraction of action of thermal AdS [19,21,29].
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The study of gauge/gravity duality provides a relation between the gravity theories in
the AdS spacetime and conformal field theories on the boundary of the AdS spacetime.
In recent years, a large number of generalized geometries are studied, which gives a dual
scale invariant gauge theory. One of the metric representing such a geometry is given by,
ds2 = r2α
(
r2zf(r) dt2 +
1
r2f(r)
dr2 + r2 d~x2
)
, where α = − θ/d. (1.1)
In this metric, the constants z and θ are dynamical and hyperscaling violation exponents,
respectively. This metric gives AdS solutions for θ = 0 and z = 1. The scale transforma-
tions, t→ λz, r → λ−1r, xi → λxi leads to ds2d+2 → λθ/dds2d+2. Thus the transformations
retains the spatially homogeneous and covariant nature, but the distance scales as powers
of λ for non zero value of θ. The non invariance of distance in reference of AdS/CFT
correspondence leads to violation of hyperscaling in dual field theory. In other words,
it is shown in [30] if the hyperscaling violation exponent is included in the metric, the
entropy scales T (d−θ)/z. If hyperscaling is not taken into account, the entropy scales as
T d/z [30–32].
In this article, we study the effect of warping on confinement/deconfinement transition
in the simplest case by taking the value of z = 1. In this context we have only single
charge in AdS black hole [33]. We first study the holographic model of QCD with a
dilaton potential in Einstein-Maxwell-Dilaton system. The form of potential is taken to
be exponential with some free parameters. These parameters are be fixed by various
boundary conditions. We calculate Euclidean actions of charged AdS black hole and
thermally charged AdS. These actions are regularized by subtraction of thermal AdS
action. The Hawking-Page transition is studied and plots between grand potential vs
temperature and transition temperature vs chemical potential are given. The plots of
transition temperature (Tc) vs chemical potential µ in Figure 2 are plotted for different
values of α. The warp factor α depends upon hyperscaling violation exponent, therefore
the transition temperature varies with hyperscaling violation exponent. The transition
temperature becomes independent of warp factor (or hyperscaling violation exponent) for
certain value of µ. This point, where all curves meet may be a signature of second order
transition.
This article is organized in six sections. In section 2, we briefly summarized the
calculations for z = 1 and single gauge field. In section 3 and section 4 , grand potentials
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are calculated for charged AdS black hole and thermally charged AdS. The section 5 is
devoted to study of confinement/ deconfinement transition and in section 6, we conclude
our analysis.
2 Gravitational solution of EMD theory
In this section the solution Einstein-Maxwell-Dilaton system with hyperscaling violation
[33] is given. We take the solution obtained in [33] and take dynamical exponent z = 1.
Taking z = 1, limits the number of gauge fields in solution to one. We begin with well
known Einstein-Maxwell-Dilaton action with exponential potential (V = V0 e
γφ) given by,
S = −
∫
dd+2x
√
g
[
1
2κ2
(
R− 1
2
(∂φ)2 + V0 e
γφ
)
− 1
4g2
F 2eλφ
]
(2.1)
where κ2 = 8πG, g is coupling constant of dimension d + 2, λ, γ and V0 are parameters
of the model, which will be fixed later.
The equations of motion for gravitational part of action 2.1 can be written as,
1
2κ2
{
Gµν − 1
2
(
−gµν
2
(∂φ)2 + ∂µφ∂νφ
)
− 1
2
gµνV0 e
γφ
}
= Tµν (2.2)
where
Gµν = Rµν − 1
2
gµνR, Tµν =
1
2g2
eλφ
{
F ρ µFρν −
1
4
F 2gµν
}
(2.3)
The equations of motion 2.2 can be written in modified form as,
Rµν +
V0 e
γφ
d
gµν =
1
2
∂µφ∂νφ+
κ2
g2
eλφ
{
F ρ µFρν −
1
2d
F 2gµν
}
(2.4)
The equation of motion for scalar field is,
1√
g
∂µ(
√
g gµν∂νφ) = − ∂(V0 e
γφ)
∂φ
+
1
2
κ2
g2
λeλφF 2 (2.5)
and for gauge field is,
1√
g
∂µ(
√
g eλφF µν) = 0. (2.6)
Let us consider the ansatz for our metric (with z = 1), scalar field and gauge field,
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which are given as,
ds2 = r2α
(
r2f(r) dt2 +
1
r2f(r)
dr2 + r2 d~x2
)
, φ = φ(r), Fr,t 6= 0. (2.7)
We consider Fµν as only function of r and rest of the components are equal to zero.
Using our ansatz, the solution for Maxwell’s equations can be written as,
Frt = e
−λφrα(2−d)−dρ, (2.8)
where ρ is integration constant and to be related to charge of the black hole later.
On solving tt and rr components of Einstein’s equations, we determine the scalar field,
which is given as,
eφ = eφ0r
√
2dα(α+1) = eφ0rζ. (2.9)
The exponent on r shows that to get well defined solutions, we must have α(α+ 1) ≥ 0.
Using equations of motion, the metric function is given by,
f(r) = 1− m
rd(1+α)+1
+
Q2
r2d(1+α)
. (2.10)
where m is related to the mass of the black hole and Q is related to ρ by the following
relation,
Q2 = − κ
2
g2
e−λφ0
d(1 + α)(−1 + d− 2α + dα + ζλ)ρ
2. (2.11)
The parameter γ appearing in exponential of potential is fixed by using the fact that the
a constant term (independent of r) appears in metric. Equating the powers of r to zero,
the parameter γ can be fixed as −2α/ζ . The constant term is equated to unity to get the
value V0, which is given by relation,
V0 = d(1 + α)(1 + d+ dα)e
−γφ0, (2.12)
and using equation of motion for scalar field, the value of parameter λ is fixed as −γ. The
solution for field strength 2.8 becomes,
Frt = iQ¯ r
−d(α+1), (2.13)
where we have defined Q¯ = g
κ
Q
√
d(1 + α)(dα+ d− 1) e−λφ0/2. The solution of gauge
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field At is given by,
At(r) =
iQ¯
1− d(α + 1)r
−d(α+1)+1 + C (2.14)
where C is a constant and related to boundary value of At, which is chemical potential of
the system.
3 AdS Black hole
In this section, we consider the black hole solution for the warped geometry. The solution
of At with appropriate boundary conditions leads us to the solution of charged AdS black
hole. Using the solution of At in 2.14, we apply the condition that at the boundary
(r → ∞), the value of At is iµ, where µ is chemical potential of the black hole and i is
due to the consideration of Euclidean signature. The boundary value give us the constant
C = iµ and the solution of At has the form,
At(r) = i
(
µ− Q¯
d(α+ 1)− 1r
−d(α+1)+1
)
. (3.1)
At horizon (rH), At = 0, leads us to the relation between µ and Q¯, which is given by,
Q¯ =
d(α+ 1)− 1
r
−d(α+1)+1
H
µ, =⇒ Q = κ
g
µ
√
d(1 + α)− 1
d(1 + α)
eλφ0/2 r
d(α+1)−1
H (3.2)
The radius of horizon for charged black hole solution is obtained by equating the metric
function f(rH) = 0. This leads to the equation for rH , which is given as,
r
2d(1+α)
H −mrd(1+α)−1H +Q2 = 0, (3.3)
and the Hawking temperature of the black hole given by,
T =
1
4π
(dα+ d+ 1) rH
(
1−Q2 dα + d− 1
dα + d+ 1
r
−2d(1+α)
H
)
=
1
4π
(dα+ d+ 1) rH
(
1− µ2κ
2
g2
(dα + d− 1)2
d(1 + α)(dα+ d+ 1)
eλφ0
1
r2H
)
. (3.4)
Now redefining some variables for simplicity,
D1 =
dα + d+ 1
4π
, D2 =
κ2
g2
(dα+ d− 1)2
d(1 + α)(dα+ d+ 1)
eλφ0 ,
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Using these in 3.4 and solving the quadratic equation, we get positive value of horizon
radius as,
rH =
T +
√
T 2 + 4µ2D21D2
2D1
. (3.5)
Using equation of motion, action 2.1 can be written as,
SAdSBH =
1
d
∫
dd+2x
√
g
[
V
κ2
+
1
2g2
eλφF 2
]
=
1
d
Vd β
∫
dr
√
g
[
V
κ2
+
1
2g2
eλφF 2
]
,
(3.6)
where Vd is d dimensional volume and β is inverse of black hole temperature. On substi-
tuting various values in the above action, it simplifies to,
SAdSBH =
1
d
Vd β
d(1 + α)
κ2
∫
dr rd(α+1)+2α
[
(dα + d+ 1)r−2α −Q2 (dα + d− 1)r−2d(α+1)−2α]
=
1
d
Vd β
d(1 + α)
κ2
[
rd(α+1)+1 +Q2 r−d(α+1)−1
]rmax
rH
(3.7)
where we take rmax →∞ at the end of the calculations.
The above action is singular at rmax → ∞. Therefore, to regularize this action we
subtract thermal AdS from this action. The metric for thermal AdS is given by,
ds2 = r2α
(
r2 dt2 +
1
r2
dr2 + r2 d~x2
)
, (3.8)
and action for thermal AdS with time periodicity β1 is given by equation,
StAdS = − Vd β1 (1 + α)
κ2
(rmax)
d(α+1)+1 (3.9)
Thus the, regularized action for AdS black hole is given by,
S¯AdSBH = lim
rmax→∞
Vd β
(1 + α)
κ2
{[
rd(α+1)+1 +Q2 r−d(α+1)−1
]rmax
rH
−
(
f(rmax)
f(rmax, m = Q = 0)
)1/2
rd(α+1)+1
∣∣∣rmax
0
}
= − Vd β (1 + α)
κ2
(
(rH)
d(α+1)+1 +Q2 (rH)
−d(α+1)+1
)
(3.10)
The factor
(
f(rmax)
f(rmax,m=Q=0)
)1/2
in front of last term in the first expression is inserted to
match the Euclidean time periodicity at r = rmax, where both the solutions coincide with
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each other. The singular term (powers of r with positive values) of AdS black hole solution
is cancelled with the term in thermal AdS solution and we get the regularized action. By
using thermodynamical relation, Ω(µ, T ) = T Son−shell, we write the regularized grand
potential for AdS black hole as,
ΩAdSBH = − Vd1 + α
κ2
(
(rH)
d(α+1)+1 + (rH)
−d(α+1)+1Q2
)
(3.11)
4 Thermally charged AdS
This section is devoted to the study of thermally charged AdS solution [21]. The thermally
charged AdS is also asymptotically AdS but doesn’t have a horizon. Due to absence of
horizon, we choose a lower cut-off for thermally charged AdS as rIR and integrate from
rIR to ∞. The metric function for thermally charged AdS is given by,
f1(r) = 1 +
Q21
r2d(α+1)
. (4.1)
where Q1 is charge associated with thermally charged AdS . This metric function also
satisfies Einstein-Maxwell equations. This geometry is simply obtained by putting m = 0
in solution of AdS black hole. The charge Q1 in this case is different from that of AdS
black hole due to different boundary conditions.
The field strength tensor for thermally charged AdS is given by same equation as that
for AdS black hole case, but now Q is replaced by Q1. Th expression is written as,
F1rt = iQ¯1 r
−d(α+1), where Q¯1 =
g
κ
Q1
√
d(α+ 1)(dα+ d− 1) e−λφ0/2. (4.2)
From this field strength, the gauge field can be calculated as,
A1t(r) =
iQ¯1
1− d(α + 1)r
−d(α+1)+1 + C2.
Again at r →∞, we have A1t(∞) = C2 = iµ, but at r = rIR, we apply Dirichlet boundary
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condition A1t(rIR) = iξµ, where ξ is a constant to determined. Thus, at rIR,
A1t(rIR) = iξµ = iµ − iQ¯1
d(α + 1)− 1r
−d(α+1)+1
=⇒ Q1 = κ
g
µ (1− ξ)
√
d(α + 1)− 1
d(α+ 1)
eλφ0/2 r
d(α+1)−1
IR (4.3)
Using same procedure as done for AdS black hole, we compute regularized action for
thermally charged AdS, which is written as,
S¯tcAdS = lim
rmax→∞
Vd β1
(1 + α)
κ2
{[
rd(α+1)+1 +Q21 r
−d(α+1)−1
]rmax
rIR
−
(
f1(rmax)
f1(rmax, Q1 = 0)
)1/2
rd(α+1)+1
∣∣∣rmax
0
}
= − Vd β1 (1 + α)
κ2
(
(rIR)
d(α+1)+1 +Q21 (rIR)
−d(α+1)+1
)
, (4.4)
and grand potential for thermally charged AdS is given by equation,
ΩtcAdS = − Vd1 + α
κ2
(
(rIR)
d(α+1)+1 +Q21 (rIR)
−d(α+1)+1
)
, (4.5)
where Q1 is function of chemical potential µ. Using thermodynamical relation N =
−∂Ω/∂µ, we calculate the quark number for thermally charged AdS, which is given by
relation,
N = 2
(α+ 1)
d g2
µ (1− ξ)2 (d(α+ 1)− 1) eλφ0 rd(α+1)−1IR . (4.6)
As shown in [21], one has to use Dirichlet boundary condition instead of Neumann, we
get free energy from Legendre transformation of Grand potential and µNβ1 is equal to
boundary action StcAdS. Calculating the boundary action, we can determine unknown
parameter ξ. The boundary action of thermally charged AdS is given by,
StcAdSb =
1
d
∫
∂M
dd+1x
√
g(d+1) ησAρ Fµσ g
ρµ eλφ
=
1
d g2
Vd β1 µ Q¯1 e
λφ (4.7)
where unit vector ηr = (0,−√f1(r)/rα−1, 0, 0 . . .) and gd+1 = r(α+1)(d+1)√f1(r). Com-
paring 4.6 and 4.7, we evaluated constant ξ = 1/2. Thus charge Q1 of thermally charged
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AdS is given by,
Q1 =
κ
2g
µ
√
d(α+ 1)− 1
d(α + 1)
eλφ0/2 r
d(α+1)−1
IR . (4.8)
5 Confinement/deconfinement transition
Now we study the transition from AdS black hole phase to thermally charged AdS. To
study this, we take the difference between the actions of AdS black hole and thermally
charged AdS geometries with appropriate periodicity matching. The difference in grand
potentials is proportional to difference in actions. The difference in actions is given by,
∆S = lim
rmax→∞
1
d
Vd β
d(1 + α)
κ2
{[
rd(α+1)+1 +Q2 r−d(α+1)−1
]rmax
rH
−
(
f(rmax)
f1(rmax)
)1/2 [
rd(α+1)+1 +Q21 r
−d(α+1)−1
]rmax
rIR
}
= Vd β
1
κ2
{(
(rIR)
d(α+1)+1 − (rH)d(α+1)+1
)
+ µ2{d(1 + α)− 1} eλφ0
(
1
4
r
d(α+1)−1
IR − rd(α+1)−1H
)}
. (5.1)
The factor
(
f(rmax)
f1(rmax)
)1/2
in front of second term comes from periodicity matching of AdS
black hole and thermally charged AdS geometries. Using this expression, we calculated
grand potential, which is given as,
∆Ω = Vd
1
κ2
{(
(rIR)
d(α+1)+1 − (rH)d(α+1)+1
)
+ µ2{d(1 + α)− 1} eλφ0
(
1
4
r
d(α+1)−1
IR − rd(α+1)−1H
)}
. (5.2)
If the value of ∆Ω is less than zero, the dominant geometry is AdS black hole and
vice-versa. The sign of ∆Ω governs the nature of the stability of phase and confine-
ment/deconfinement transition. The value of rIR is set to be 323 MeV , which is calcu-
lated from the mass of lightest mesons [14]. We have plotted grand potential difference
(∆Ω) vs temperature (T ) for various values of warp factor α which are given in Figure 1.
The relation describing the five dimensional gravitational constant and that of the five
dimensional gauge coupling constant are evaluated by the application of AdS/CFT to
QCD. These constants relates the colour gauge group (Nc) and number of flavours (Nf)
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as,
1
2κ2
=
N2c
8π2
and
1
2g2
=
NcNf
8π2
(5.3)
In our study, we have used Nf = 2 and Nc = 3.
The value of α is considered to be equal to −θ/d, which is commonly used in literature
(a) For α = 0.1 (b) For α = 0.3
Figure 1: Grand potential vs temperature at various values of µ for constant α .
mentioned in [33]. We have taken dimension for our estimation to be five, i.e d = 3 and
φ0 = 0. To get plot T vs µ, we equate ∆Ω = 0 and these plots for various values of α are
given in Figure 2.
6 Conclusion
In this article , we studied the thermodynamic behavior of AdS/QCD from holographic
approach with generalized warp factor. The plots of grand potential per unit volume are
shown in Figure 1. The figure 1a shows grand potential per unit volume vs temperature
for α = 0.1 and figure 1b for α = 0.3. These plots shows that the increasing value of
chemical potential µ, for constant α, transition temperature got lowered but the maximum
value of grand potential increases, which indicates the stability of thermally charged
AdS at lower temperatures. The entropy difference ∆S, (entropy is defined as S =
10
Figure 2: T vs µ for various values of α.
−(∂Ω/∂T )V,µ) is non zero, which shows the transition is of first order (using Ehrenfest
scheme for classification of phase transition).
The Figure 2, shows the plot between chemical potential and transition temperature
for various values of α. The results obtained here shows similar qualitative behavior with
various results obtained without warping dependence on dimension except the fact that
for different values of warping, all plots of Figure 2 meet at a point. It means that the
transition is independent of warping on this point. We believe that it is the onset of
second order transition. This is also expected from recent lattice data [34]. It would be
interesting to study mass spectra of mesons in this scenario, transport properties and
corrections arising due to Gauss-Bonnet gravity.
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